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ABSTRACT 
A three-dimensional numerical model is established for simulating scour 
propagation in spanwise direction under a sub-sea pipeline in steady currents. In the 
model, flow is simulated by solving the Reynolds averaged Navier-Stokes equations 
with a k-OJ turbulence model. The bed development is modelled by conservation of 
sediment mass. Calculations are carried to simulate local scour development below a 
pipeline that has been investigated experimentally. The input conditions of the 
simulation are set as closely as possible to those used in the physical tests reported in 
literature. The embedment depth of the pipeline was 0.2 pipeline diameter. It was 
found that scour development in the spanwise direction is mainly caused by the flow 
velocity around the span shoulders, where the gap between pipeline and bed is small. 
In the middle of the scour hole, the scour process is similar to that observed in the 2D 
laboratory tests and 2D numerical results reported in previous studies. The simulation 
demonstrates the capability of the 3D model although the calculated propagation 
speed of scour hole in the spanwise direction of pipeline is slightly lower than that 
measured in the tests. 
INTRODUCTION 
When a sub-sea pipeline is laid on an erodible sea-bed, local scour below the 
pipeline will happen under certain flow conditions. Local scour may be unfavourable 
to pipeline stability because it increases hydrodynamic forces and leads to vortex-
induced vibrations of the pipeline. 
Local scour around a sub-sea pipeline has been investigated intensively both 
experimentally and numerically in the past decades due to its significance in offshore 
engineering (Bf0rs, 1999; Mao, 1986; Lu et aI., 2005; Sumer et aI. , 1988; Li and 
Cheng 1999 and 200 I; Zang et aI., 2009; Zhao and Cheng, 2008). Most studies 
conducted so far, either by experimental methods or by numerical methods, were two-
dimensional (2D). Mechanisms of 2D scour below a pipeline such as piping, tunnel 
scour and lee wake scour are weII understood. Scour below a pipeline in real life 
always takes place in three dimensional fashion. Onset of scour wiII initiaIIy happen 
at one section below the pipeline and the scour will extends in both transverse and the 
spanwise directions with respect to the pipeline. Two dimensional scour models can 
predict well the scour process in the transverse plane of the pipeline. However, the 
scour development in the spanwise direction of the pipeline has been beyond the 
capacity of 2D models. Studies on three-dimensional scour below pipelines are rare. 
Bernetti et al. (1990) proposed a theoretical model for analysing the longitudinal 
propagation of a scour hole based on the sediment conservation equation. It was 
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assumed that the slope of the scour hole at span shoulders is equal to the natural angle 
of repose of the sediment bed. This model was later adapted by Hansen et al. (1991) 
to account for parameters that may slow down the scouring process such as pipeline 
embedment and sagging. The lowering of the pipeline, due to increased span length, 
was found to significantly increase the time taken for the free span to develop. 
Furthermore the embedment depth was found to influence free span developments. 
Recently Cheng et al. (2009) studied three-dimensional scour below a pipeline under 
steady currents by a series of laboratory tests and they developed empirical formulae 
for predicting speed of propagation of scour in the span wise direction. 
In this study, a three-dimensional numerical model is established for simulating 
scour below a sub-sea pipeline. The flow is simulated by the finite element model 
developed by Zhao et al. (2009). Both bed load and suspended load are considered in 
the sediment transport. Bed load is calculated by empirical formula and suspended 
load is solved by the convection-diffusion equation of sediment concentration in 
water. The bed evolution is predicted by solving the conservation equation of 
sediment mass. The sediment concentration equation and the bed evolution equation 
are also solved by finite element method. Calculations were carried out under the 
same conditions as those measured in the tests by Cheng et al. (2009). The 
embedment depth of the pipeline was 0.2 pipeline diameter. It was found that scour 
development in the spanwise direction is mainly due to large flow velocity around the 
span shoulders, where the gap between pipeline and bed is small. In the middle 
section of the free span, the scour process is similar to that observed in the 2D 
laboratory tests and 2D numerical results in previous studies. The simulation results 
demonstrate the capability of the 3D model, although the calculated propagation 
speed of scour hole in the spanwise direction of the pipeline is lower than that 
measured in the tests. 
Figure 1. Computational domain 
NUMERICAL METHOD 
Figure 1 shows the computational domain for the flow and scour simulation. D 
is the pipeline diameter in Figure I. The turbulent flow around a sub-sea pipeline is 
simulated by solving the Reynold-Averaged Navier-Stokes (RANS) equations and k-
OJ turbulence equations. The RANS in a computational domain with a continuously 
changing bed boundary are solved by Arbitrary Lagrangian Eulerian (ALE) scheme. 
In ALE scheme the position of each mesh node moves and convection terms are 
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modified in order to consider the effects of the mesh moving speed. The RANS are 
expressed as 
au; + (u . -u . )OU; = _~ op +~[v au; + , .. ] 
at J lP ax; p ax; ax) ax) IJ (I) 
au; =0 (2) 
OX ; 
where x ; (i = 1, 2 and 3) is the Cartesian coordinates, Ui is the velocity component in 
X i direction, p is the pressure, v is the kinematic v iscosity, I is time, p is the fluid 
density, Ujp is the velocity of the computational mesh movement, ' ij is the Reynolds 
stress which is defined as ' ij = v, (au; lax) + au} lax; J-(2 / 3)koij ' k is the turbulent energy, 
VI is the turbulence viscosity. The k- OJ SST (shear-stress transport) model (Menter, 
1994) is employed to solve the turbulence. Menter (1994) reported that this turbulence 
model gave better results in flows where strong adverse pressure gradients exist. 
The governing equations were solved using the finite element model (FEM) 
developed by Zhao et al. (2009). In this model a Petrov-Galerkin finite element 
scheme was employed in three-dimensional flow simulation. Detail of the FEM model 
used in this study can be found in Zhao et al. (2009). 
Bed load and suspended load are considered in the numerical model. A 
reference level Za is specified, below which the sediment movement is considered to 
be in the form of bed load and above which the sediment transport is considered to be 
suspended load. The Za in the present paper is set to be 2dso, with dso being the median 
sediment grain diameter. The suspended sediment was evaluated by volume 
concentration (c), which was computed by solving the convection-diffusion equation 
OC +(u . -u )~-w ~=~ ( O' v ~ J (3) 
of 1 11' aX) ' aX] aX} " aX} 
where O'c is a constant which is set to be 1 in this paper, w, is the fall velocity of the 
sediment particles in still water. Eg. (3) is solved by same method used by Zhao et al. 
(2010). The reference concentration (ca) at the reference level (2dso above bed) is 
calculated using the empirical formula proposed by Zyserman and Freds0e (1990) 
c = {0.331(B, -0.045f5 1(1+0.72(B, -0.045f51 ifB, > 0.045 (4) 
a 0, if B, ~ 0.045 
The skin friction Shields parameter B., is calculated by B, = u ~ I [g(s -1)d50 J and the 
skin friction velocity u j ' is obtained according to the logarithmic law by 
uf , = Kl/ T 1 In(8. 1 I zo., ), where u T is the velocity at the mesh node next to the wall, 8. 1 
is the distance between the wall and the mesh node. Bed load transport rate 
qb=(qh" qb •. )is calculated by the semi-empirical equation proposed by Engelund and 
F reds0e (1976) 
(5) 
where V b is the velocity of the sediment movement, PEF is the percentage of the 
particles that are moving on the bed, which is calculated by 
SCOUR AND EROSION 485 
(6) 
When sediments move along a sloped bed as shown in Fig. II , the critical Shields 
parameter is modified as (Zhao and Teng, 2001 ; Roulund et aI., 2005) 
Ll = Ll [ 2 fJ _ sin 2 fJ sin 2 a _ cos a cos fJ] 
U (" (7("0 COS 1 
u; j.1 ~; 
(7) 
in which B,o is the critical Shields parameter for a flat bed, j.i,. = tan 9, is the static 
friction coefficient, fJ is the bed slope angle, a is the angle between the down-slope 
direction and the bed shear stress. The sediment movement speed Ub in Eq. (5) is 
calculated according to the force equilibrium of the moving particles (Roulund et al. 
2005). Details about calculating Ub can be found in Roulund et al. (2005). 
Bed evolution is modelled by solving the mass balance equation of the sediment 
(Bmrs, 1999; Liu and Garcia, 2008; Zhao et aI. , 2010) 
OZb I [ 1 
-=--\l.q +D.-E 
0/ I-n b" (8) 
where D, is the deposition rate defmed as D,. = w,cb ' the erosion rate E, = W,C" , cb 
is the sediment concentration at the reference level. In the fully developed straight 
channel flow where the erosion and deposition are balanced at the reference level i.e. 
cb = ca . In order to save computational time, the morphological time step is set larger 
than the flow time step (Bmrs, 1999; Liang, et aI. , 2005; Zhao and Cheng, 2008). The 
method for choosing morphological time step 6/b is the same as the one used by Zhao 
and Cheng (2008). The criteria for choosing 6/h are: (I) bed change within one 
morphological time step is less than 0.0005 times of pipeline diameter (D) and (2) 
6tb ~ 10M with 6t being the flow time step. Both criteria have to be satisfied. 
According to the criteria, the morphological time step is less than 106/ in the early 
stage of scour and equal to 10M at the later stage of scour. Parallel computational 
code is developed and all the computations in this study are carried out on the WASP 
(Western Australian Supercomputer Program). The WASP has 164 dual core 2.6 
GHZ AMD opteron processors, with a total of 328 (l64x2) cores. A total of 64 cores 
on the cluster were used for the simulation. 
NUMERICAL RESULTS 
Numerical simulations are carried out to simulate 3D scour below a pipe in a 
laboratory scale for the purpose of comparing numerical results with experimental 
data. The tests conducted by Cheng et al. (2009) are selected for this purpose. Cheng 
et al. (2009) carried laboratory tests about 3D scour around sub-sea pipelines in a 
water flume of 2.5 m in height, 4 m in width and 50 m in width. The simulations are 
carried out under the same conditions as test case of C450e2 by Cheng et al. (2009) . 
The calculation parameters are: model pipeline diameter is 0.05 m, water depth is 0.5 
m, flow velocity (measured at one pipeline diameter above bed) is U=0.33 mis, 
median sediment size is dso=OA mm. In the numerical simulation, the pipeline length 
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is 1 m (20D) , which is smaller than that used in the test (4m). It is expected the scour 
process will not be affected by the pipeline length before the scour reaches the two 
ends of the pipeline. Figure 2 (a) shows the 3D computational mesh after scour has 
developed below the pipeline. The 3D computational mesh comprises layers of 2D 
meshes with a constant interval in the pipeline' s spanwise direction. Eight-node 
hexahedron elements are used to discretize the computational domain. Figure 2 (b) 
shows the mesh at the centre of the pipeline where significant scour has developed. 
Figure 2 (c) shows the mesh at the end of the pipeline where scour has not happened 
beneath the pipeline. In Figure 2 (c), there are no mesh elements below the pipeline. 
FEM elements are allocated below the pipeline only when the scour arrives at the 
location and a gap between pipeline and sea-bed is initiated. 
~o 
(b) xz-plane at centre of the pipeline (c) xz-plane at end of the pipeline 
Figure 2. Computational mesh (coordinate system is defined in Figure 1) 
Figure 3 shows three-dimensional scour development according to numerical 
results. Scour mechanisms observed in the laboratory test were well predicted by the 
numerical method. At t=170 s, the sediment under the pipeline centre has been 
washed downstream and piled up right behind the pipeline. The sand dune behind the 
pipeline grows in its hight and width as more sands are washed to downstream. The 
propagation of scour can be clearly observed in Figure 3. At t=505 s, scour propagates 
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to the ends of the pipeline. Around the two span shoulders, where the pipeline is 
supported by the soil, the flow is fully three-dimensional and streamline contraction 
was observed from the numerical results. 
.4016 
'" g 
·l.l:02S 
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t=505 s 
Figure 3. Numerical results of three-dimensional scour development 
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Figure 4. development of scour in spanwise direction 
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Figure 4 (a) shows the development of bed profile in yz-plane. The profiles are 
symmetric with respect to the y=O line. The propagation speed of scour in the 
pipeline' s spanwise direction is determined according to the bed profiles in the yz-
plane as shown in Figure 4 (a). Figure 4 (b) shows the development of width of scour 
hole in spanwise direction (S) together with the experimental results by Cheng et al. 
(2009). The scour propagates to the two ends at almost a constant speed, both in 
numerical and experimental results. However, the predicted propagation speed is 50% 
smaller than the experimental results. The reason for the underestimation is not clear. 
Causes can be attributed to the underestimation such as the effect of the thickness of 
the boundary layer of incoming flow, the FEM mesh size, the turbulent intensity of 
incoming flow, the constant parameters used in the sediment transport model, etc. 
More work is still needed to improve the model. 
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Figure 5. Distribution of Shields parameter along y-axis 
10 
Figure 5 shows the distribution of sea-bed Shields parameter along y-axis 
(spanwise direction). At t=O, sea-bed Shields parameter is very high because of the 
high velocity jet flow through the initial scour hole. With the development of the 
scour hole, the Shields parameter at the centre decreases and the non-zero Shields 
parameter zone widens. It is interesting to see in Figure 5 that the Shields parameter 
distribution along x-axis is arc shaped with the lowest value at the center and the 
highest values at the two ends. At the two shoulders, the high Shields parameters 
produce high sediment transport rates and lead to large scour rates, which contribute 
to the scour propagation towards the ends of the pipeline. It is understood that 
sediment particles of the slope can be more easily moved by flow. From Figure 4 it 
can be seen that the bed slopes at the two shoulders of the suspension are much 
steeper than the centre part of the pipeline, which also contribute to the scour around 
the two shoulders. Figure 6 shows three-dimensional streamline around pipelines. The 
three-dimensionality of the flow at the two shoulders of the suspension can be seen 
from the streamline picture. It can be seen that upstream the two suspension shoulders, 
the streamlines bias towards the end of the pipeline. 
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Figure 6. Streamlines around the pipeline 
In the study by Cheng et al. (2009), a secondary scour propagation speed is 
found at the late state of scour. In this study, only primary speed is observed because 
the pipeline length is not long enough to allow the scour to develop to the secondary 
state. The development of scour in spanwise direction qualitatively agrees with what 
was observed in the laboratory test, although the predicted scour propagation speed is 
smaller than that measured in the test. It should be pointed out that the results shown 
in this paper are preliminary only. Future work will be focused on improving the 
accuracy of scour rate prediction and the secondary scour speed. 
CONCLUSIONS 
A FEM numerical model is established for simulating three-dimensional scour around 
a sub-sea pipeline. The flow model is based on the Navier-Stokes equations and k-co 
turbulent equations. Bed load and suspended load sediment transport rates are 
considered in the scour model. A preliminary simulation has been carried out under 
the same conditions as those measured in the laboratory tests by Cheng et al. (2009). 
By observing the bed profiles at different time instants of scour, the simulated scour 
process agrees qualitatively with what was observed in the laboratory test. It is found 
that the high Shields parameter and the steep bed slopes at the two shoulders of the 
span contribute to the sediment transport and scour propagation in the span wise 
direction. The computed scour propagation rate in the spanwise direction is about 
50% smaller than the laboratory result. The fundamental mechanism of the scour has 
been captured by numerical model. Further work will be focused on improving the 
accuracy of the model. 
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